Abstract. The theory of exciton spectrum and intensities of interband quantum transitions in multi-shell hexagonal semiconductor nanotube is developed within the effective masses and rectangular potentials approximations using Bethe variational method. The obtained theoretical results well explain the experimental position of luminescence peak for As Ga GaAs/Al
Introduction
The intensive investigations of semiconductor quantum wires with radial heterostructure have been rapidly increased during the last decade. These nanostructures are the basic elements of light radiating diodes, detectors, transistors and light transformers of new generation.
On the one hand, the heterostructure perpendicular to the quantum wire axis can localize charge carriers inside the inner wire, decreasing the surface scattering [1] . On the other hand, it allows the guided variation of spectral characteristics inherent to quasi-particles (electrons, excitons, phonons) in nanostructure, depending on its geometrical parameters.
Using different semiconductor materials composing the radial heterostructure, the single (with one quantum well for the electron) [2, 3] and complicated (multi-well and multi-shell) [4, 5] hexagonal nanotubes are experimentally created. The single hexagonal nanotubes are already theoretically studied in details [6] [7] [8] . The authors developed the theory of exciton spectrum and exciton-phonon interaction, well explaining the experimental data qualitatively and quantitatively.
Recently, German scientists have been grown the complicated multi-shell hexagonal nanotubes by applying the method of molecular-beam epitaxy and using GaAs as well as As Ga Al x 1 x  semiconductors and investigated their luminescence spectra [4, 5] . As far as we know, the consistent theory of exciton spectrum for these structures is still absent. However, even within the general considerations, it is clear that the complicated character of redistribution of probability for electron and hole location in the space of complicated nanotube with several quantum wells causes interesting peculiarities of the exciton spectrum. In particular, one can expect oscillations in intensities of interband quantum transitions.
In this paper, we propose one of the possible theoretical approaches to investigate the exciton spectrum in multi-shell hexagonal semiconductor nanotube. The theory is developed in the frames of models of effective masses and rectangular potentials for the quasi-particles using the Bethe variational method. The dependences of exciton spectrum parameters on nanostructure geometry have been investigated. The calculated magnitudes of exciton energies have been compared with the position of luminescence peak observed experimentally [5] .
Theory of electron and exciton spectra multi-shell hexagonal semiconductor nanotubes
The experimentally grown nanostructure [5] -the multishell hexagonal nanotube is theoretically studied. It consists of hexagonal semiconductor quantum wire ("0"), thin barrier-shell ("1") and nanotube ("2") embedded into the outer medium ("3"). The transversal cross-section of the nanostructure is shown in Fig. 1 
So that, to study the exciton spectrum we, first of all, obtain the electron and hole energy spectra and wave functions solving the stationary Schroedinger equation
with Hamiltonian of uncoupling quasi-particles in the cylindrical coordinate system 
where Hamiltonians
is further considered as perturbation.
The Schroedinger equation with Hamiltonian (5) is solved exactly. The electron and hole wave functions (indices e , h are not temporarily used) are taken as:
with the radial functions
k is the axial quasi-momentum; ,... The conditions for wave functions and their densities of currents continuity at three nanostructure interfaces ( 
We must note that, due to the evident analytical properties of the perturbation Hamiltonian (6), the integration over  , variables in expression (12) is performed only over j S regions, situated between the respective hexagons and approximating circles (toned regions in Fig. 1) . Now, the energy spectra of uncoupling electron and hole, as functions of variational parameter and axial quasi-momentum, are already known in the first approximation of perturbation method
In order to study the exciton states in the multishell hexagonal nanostructure, one has to solve the stationary Schroedinger equation. Its Hamiltonian, besides the energy gap of quantum wire and nanotube material, Hamiltonians of uncoupling electron and hole, contains the energy of their interaction
) has a complicated dependence on the spatial location of quasi-particles in nanostructure.
Such problem can be solved within the method developed in details in refs. [6] [7] [8] . But the exciton binding energy obtained in the cited papers has the order of 10 meV, which is hundreds times smaller than the electron and hole energy of size quantization. The shifts of exciton energies due to the interaction with phonons are approximately 10 meV [7] and do not essentially influence at the obtained results. Therefore, we do not take into account the electron-hole interaction and that of both quasi-particles with phonons.
Thus, the exciton energy spectrum ( 
Using the obtained wave functions, we can evaluate the intensities of inter-band optical quantum transitions [9] hexagonal nanostructure experimentally grown in [5] .
Discussion of results
Evolution of exciton spectrum as a function of nanostructure geometrical parameters is studied for As Ga GaAs/Al , which is proven by physical considerations.
The new electron and hole energy levels arise when the quantum wire appears and its diameter (d) increases. The whole spectra shift into the region of smaller energies and the anti-crossings of energy levels are observed. The anti-crossing phenomenon is caused by the splitting of energy levels due to the tunnel effect present between the quantum wire (with the diameter ( 6 10 ) ( 6 9 ) ( 6 9 7 8 ) ( Fig. 2b , is evidently caused by the peculiarities of electron and hole spectra. In particular, the anti-crossing of exciton energy levels is observed as manifestation of electron and hole energy levels anti-crossings. ). Then, both quasi-particles are located in the space of nanotube (with the width h = 4 nm), and overlapping of their wave functions is essential. When the inner wire appears and its diameter increases, the intensity decreases because the wave function of electron as "light" quasi-particle, more and more worms into the inner wire, while the heavy hole does not change its location in the nanostructure. For some critical d magnitude, the heavy hole skip-like changes its location from nanotube into the inner wire. Herein, the intensity of transition first increases (see the insert in Fig. 2d ) and then rapidly reduces. The minimal magnitude of intensity ( 35 . 0
) is obtained when the hole with the probability close to unity is located in the inner wire, and the electron with equal probability ( 5 . 0 ) is located in the inner wire and nanotube. The further intensity increase is observed when the electron and hole are located in the inner wire, and overlap of their wave functions increases for higher d magnitudes.
The non-monotonous characters of intensities of interband quantum transitions between arbitrary states are explained in the analogous manner due to the changed location of both quasi-particles in the space of quantum wire and nanotube.
In order to compare the theoretical and experimental data, the exciton energies ( 
Conclusions
1. The theory of exciton spectra and intensities of quantum transitions for the multi-shell hexagonal nanostructure has been developed by applying the models of effective masses and rectangular potentials for the electron and hole by using the Bethe variational method. 2. It has been shown that the intensities of interband quantum transitions for all the states nonmonotonously depend on inner wire diameter (d) approaching several minimal and maximal magnitudes. Evolution of intensities is quite explained by the complicated character of distribution of probability density of electron and hole location in the space of multi-shell nanostructure. 3. It has been established that the numeric results for exciton energy spectrum and intensities of quantum transitions, obtained within the developed theory, well correlate with the experimental data for the radiation spectrum of nanotubes grown using As Ga GaAs/Al x 1 x  semiconductors.
